The electron dynamics and radiation characteristics of nonlinear Thomson scattering in a linearly polarized intense few-cycle laser pulse are investigated. In the few-cycle laser pulse, the electron dynamics depends sensitively on the carrier-envelope (CE) phase of the driving pulse. The Thomson scattering radiation also shows many remarkable phase-sensitive characteristics. For most CE phases, the left-right symmetry of radiation angular distributions is broken down and the well-known fourfold symmetry is reduced to a twofold symmetry. The radiation spectra also depend on the CE phase and show a left-right asymmetry for most CE phases. These phenomena can be attributed to the properties of the few-cycle pulse and become less evident with increasing duration of the driving pulse. Moreover, possible ways to observe these phenomena are suggested. In addition, we propose that phase-sensitive characteristics of nonlinear Thomson scattering can be utilized to determine the CE phase of the intense few-cycle pulse.
Introduction
With the advance of intense laser pulses, nonlinear Thomson scattering has drawn much attention because of its application for x-ray sources in recent years. In the intense laser field, the electron dynamics becomes highly relativistic and then many nonlinear effects start playing a role in the nonlinear Thomson scattering process [1] [2] [3] . Further, the radiation generated by relativistic electrons is also frequency up-shifted by the relativistic Doppler effect [3] . The spatial characteristics of the radiation have also been investigated. It is demonstrated that the radiation is concentrated in the electron velocity direction, and that the azimuthal angular distribution is fourfold symmetric [4] . In addition, He et al [5] discussed the influence of the electron initial conditions, such as the electron initial position or initial time injecting to the laser field, on electron dynamics and radiation. All the above works treat the laser field as a plane wave approximately. With numerical methods, Gao [6] and Lee et al [7, 8] extended the above analytic investigations of nonlinear Thomson scattering to the multi-cycle laser pulse case. They investigated the temporal and spectral characteristics of nonlinear Thomson scattering in the laser pulse with a duration of 20 fs, and their numerical results agree well with the analytic studies in the plane wave case. The radiation is dominantly in the electron velocity direction and the azimuthal angular distribution is fourfold symmetric [7, 8] . In an ultraintense laser field, the radiation spectrum can be broadened to 600 eV and a modulation is shown in the spectrum [8] . Over past years there have been several efforts to detect nonlinear signatures of Thomson scattering in the intense field. With terawatt level lasers, harmonics of nonlinear Thomson scattering have been observed in experiments [9] [10] [11] . In particular, Chen et al [10] measured the azimuthal angular distributions of the second and third harmonics. The results show that the angular distributions are fourfold symmetric which agrees well with the theoretical result [4, 7, 8] . Recently, Babzien [11] measured the radiation in the interaction of intense laser fields with counterpropagating relativistic electrons. The well-known fourfold symmetry of the radiation angular distribution was also observed. The temporal characteristics of nonlinear Thomson scattering have also gained much interest in recent years. It has been demonstrated that nonlinear Thomson scattering has the potential to produce attosecond [8, 12, 13] or even zeptosecond [12, 13] x-ray pulses.
The foregoing works focus on the Thomson scattering in continuous plane waves or multi-cycle laser pulses. Now, ultrashort intense laser pulses with durations less than 5 fs are available as research tools [14, 15] . In this case, the laser pulse contains about two optical cycles, the laser intensity varies almost as rapidly as the laser oscillations and the time variation of the electric field depends sensitively on the carrier-envelop (CE) phase, i.e., the relative phase of the carrier wave with respect to the pulse envelope [15] . Due to these properties of few-cycle pulses, many novel and attractive phenomena in laser-atom interactions, such as photoionization and high harmonics generation, have been demonstrated theoretically [16] [17] [18] and observed experimentally in the few-cycle regime [15, 19, 20] . In the present work, we extend the previous investigations of nonlinear Thomson scattering to the few-cycle regime. Our results show that Thomson scattering in a few-cycle laser pulse shows many different characteristics in contrast to the plane wave and multi-cycle pulse cases. For most CE phases, the well-known fourfold symmetry of the radiation angular distribution is broken in the fewcycle regime, and the radiation spectrum also shows a left-right asymmetry. Moreover, we find that the structure of radiation spectra depends sensitively on the CE phase. These phenomena are illustrated from the electron dynamics and properties of the few-cycle pulse. In addition, possible ways to observe these phenomena in experiments and potential applications of these findings are suggested.
Formulation
The vector potential of the few-cycle laser pulse is expressed by
where η = z − t, φ 0 is the CE phase or the so-called absolute phase,x is the unit polarization vector, a 0 is the laser peak amplitude, normalized by mc
is the pulse envelope, and t evolves from −∞ to ∞. In this definition, the space and time coordinates are normalized by k 0 where k 0 and ω 0 are the wave number and laser frequency, respectively. We consider an intense laser field with a peak amplitude of a 0 = 2.5, wavelength λ = 800 nm and L = 3π , i.e., the pulse duration is 4.8 fs FWHM (full width at half maximum). The electron dynamics is described by the equations [4] 
where p = γ u is the normalized momentum and γ = (1 − u 2 ) −1/2 is the Lorentz factor or normalized energy. As in previous work [7, 8] , we assume that the electron is at rest initially. The electron motion is given by
where γ = 1 + a 2 x 2. The radiation power detected far away from the electron towards the directionn is described by [4] 
where dP /d is normalized by e 2 ω 2 0 4πc, the subscript Ret means that the quantities on the right-hand side should be evaluated at the retarded time t, t is related to t by t = t + x 0 − n · r, x 0 is the distance from the detector to the origin, r is electron's displacement. The unit vector n is defined asn = sin θ cos ϕx + sin θ sin ϕŷ + cos θẑ, where θ is the polar angle measured fromẑ direction and ϕ is the azimuthal angle measured fromx direction in the polarization plane (for details, see also [8, 13] ). The spectrum of the radiation can be calculated by the Fourier transform of A.
Results and discussions
The electron trajectories and energy during the few-cycle laser field for different CE phases φ 0 = 0 (solid line) and π/2 (dashed line) are shown in figure 1(a) and (b), respectively. As shown in figure 1(a), the electron trajectory shows a zigzag pattern which resembles that in the multi-cycle pulse field [7] , and the quivering amplitude is modulated by the envelope of the driving laser pulse. The electron trajectory at φ 0 = π/2 shows a similar pattern to that at φ 0 = 0. However, at φ 0 = π/2, the carrier wave slips π/2 with respect to the pulse envelope, which results in a shift between the trajectories of φ 0 = 0 and π/2. Further, since the laser intensity of the few-cycle pulse varies rapidly, the phase shift gives rise to a decrease of the laser amplitude. For instance, at φ 0 = 0, the peak amplitude of the laser pulse is 2.5, at φ 0 = π/2, the laser amplitude decreases to 2.5 exp −φ 2 0 L 2 = 2.4. This effect will influence the electron dynamics during the few-cycle laser pulse. As shown in figure 1(b), at φ 0 = 0, the maximum energy of electron γ max = 1 + 2.5 2 /2 = 4.125; at φ 0 = π/2, γ max decreases to 3.9. It should be emphasized that these phenomena originate from the properties of the few-cycle laser pulse. Whereas in the multi-cycle regime, L 2π > φ 0 , the peak amplitude varies slowly and the electron dynamics depends slightly on the CE phase. Now, we consider the spatial characteristics of nonlinear Thomson scattering in the fewcycle regime. As we know, in the plane wave and multi-cycle pulse cases, the radiation is mainly in the forward direction (the polar angle θ < π/2), and the azimuthal angular distribution is fourfold symmetric with respect to the electric and magnetic field directions [4, 7, 8, 10, 11] . Whereas in the few-cycle laser pulse, as shown in figure 1 , the electron dynamics shows many novel characteristics, which will lead to a significant influence on the radiation. The azimuthal angular distributions of the radiation power at different CE phases are shown in figure 2 . As shown in this figure, at φ 0 = 0, π, the left-right symmetry of the angular distribution is broken, and then the fourfold symmetry reduces to a twofold symmetry. In detail, with φ 0 = 0, the radiation to the right side (the azimuthal angle ϕ = 0) is dominant, with φ 0 = π , the radiation to the left side (the azimuthal angle ϕ = π ) is dominant. Although, generally, the left-right symmetry is absent, the angular distribution still keeps the fourfold symmetry at some specific values, i.e., φ 0 = π/2, 3π/2 (see also figure 3 ). This phenomenon can be attributed to the electron dynamics in the laser field. Take φ 0 = 0 for instance, the laser intensity is highest at the peak when η = 0 and the radiation power is high. Apart from the peak, the laser intensity decreases rapidly, and the radiation power is low. Thus, the radiation characteristics are dominantly determined by the electron dynamics at η = 0. According to equation (4), at η = 0, v x > 0, the electron velocity is in the +x direction, and then the radiation is dominantly in the electron velocity direction [4, 8, 10] , i.e., in the right direction. With φ 0 = π , the electron velocity is in the −x direction when the laser intensity reaches its maximum, and then the radiation to the left side is dominant. With φ 0 = π/2, the laser intensity reaches its maximum at η = ±π/2 and the electron velocity is in ±x directions, respectively, so that the radiation powers to the right and left sides are equal. Moreover, it is shown in figure 2 that, in the absence of the left-right symmetry, the angular distribution is still symmetric with respect to the laser electric field direction at any CE phase. This is because the linearly polarized field is symmetric with respect to the polarization direction at any CE phase. To investigate the spatial characteristics of Thomson scattering more completely, we introduce the asymmetry coefficient P 0 /P π , which is the ratio of the radiation powers in the right and left directions. The dependence of the asymmetry coefficient on the CE phase of the few-cycle pulse is shown in figure 3 . Other parameters are the same as in figure 2 . From this figure we can see that the data for φ 0 = π to 2π are the mirror image of the data for φ 0 = 0 to π . This means that the angular distribution shows the same pattern at φ 0 and 2π − φ 0 . Moreover, with π/2 < φ 0 < 3π/2, the radiation to the left side is dominant, while for 0 < φ 0 < π/2 and 3π/2 < φ 0 < 2π , the radiation to the right side is dominant, and at φ 0 = π/2, 3π/2, the left-right symmetry is kept. Figure 4 illustrates the dependence of the asymmetry coefficient on the pulse duration of the driving field. The CE phase φ 0 = 0 and other parameters are the same as in figure 2. As shown in this figure, when the pulse duration is less than 3 fs, the asymmetry coefficient is greater than 10. By increasing the pulse duration, the asymmetry coefficient decreases and approaches 1 when the pulse duration increases beyond 10 fs. This result indicates that the angular distribution shows significant left-right asymmetry in the few-cycle laser pulse, and the asymmetry becomes less significant with the increasing pulse duration. When the pulse duration is greater than 10 fs, the angular distribution shows a fourfold symmetry, comparable with previous investigations [4, 8, 10] . Furthermore, we consider the spectral characteristics of nonlinear Thomson scattering in the few-cycle regime. The radiation spectra in right and left directions are shown in figure 5 for (a) φ 0 = 0, (b) π/2 and (c) π , respectively. As shown in this figure, the left-right symmetry of radiation spectra is broken when φ 0 = 0, π, and so the spectra exhibit different patterns in left and right directions. In detail, the spectral intensity in the left direction decreases more rapidly in contrast to that in the right direction at φ 0 = 0. This result indicates that the radiation to the right side is dominant, which is consistent with the result in figure 2(a) . With φ 0 = π , the spectral intensity in the right direction decreases more rapidly than that in the left direction. With φ 0 = π/2, the left-right symmetry is still kept, and the spectra in left and right directions are superposed. All these characteristics are consistent with those shown in figure 2 . Note that these phase-sensitive phenomena originate from the properties of the few-cycle pulse, and will become less evident with the increasing pulse duration of the driving laser field. Moreover, we can see from figure 5 that the spectra show different structures at different CE phases. We take the radiation spectra in the right direction for instance. As shown in figure 5(a) , a continuum spectrum is present in the right direction at φ 0 = 0. With φ 0 = π/2, discrete peaks appear in the spectrum, and the discrete peaks are more evidently distinguished at φ 0 = π . This structure is the result of an interference between the pulses generated in different cycles. This is indicated in figure 6 , which shows the evolution of the radiation power (solid line) in the right direction and the laser vector potential (dashed line) for (a) φ 0 = 0, (b) φ 0 = π/2 and (c) φ 0 = π . At φ 0 = π , as shown in figure 6(c) , the vector potential of the laser field reaches its maximum at η = ±π , and the electron velocity is in thex direction at these times (see equation (4)). Thus, two pulses with the equal intensity are generated at η = ±π in the velocity direction, i.e., the right direction. Since the laser intensity of the few-cycle pulse decreases rapidly, the radiation power is 2 orders of magnitude lower apart from the peak, and then two pulses are generated in the whole process. The interference of these two pulses leads to discrete peaks in the spectrum at φ 0 = π . Whereas for φ 0 = 0, as shown in figure 6(a) , the vector potential of the laser field reaches its maximum at η = 0, a pulse is generated at this time and the radiation power is much lower at other times. Therefore, there is only one pulse generated in the whole process, thus the interference effect disappears and a broad continuum radiation is shown in the spectrum at φ 0 = 0. For the medial CE phase, such as φ 0 = π/2, the intensity of the pulses generated in different cycles is not equal as shown in figure 6(b) , and therefore the interference effect is less significant.
In addition, we can see from figure 5 that there is an evident modulation shown in these spectra. As shown in figure 5(a) , the spectrum in the right direction at φ 0 = 0 oscillates dramatically when ω/ω 0 < 5. Beyond that the spectral intensity decreases slowly, shows abrupt decrease at ω/ω 0 = 45, 86, etc, and a modulation with an interval of 41ω 0 is exhibited in this spectrum. Similar modulation of the radiation spectra has been demonstrated in the multi-cycle laser pulse [8] . However, in the few-cycle pulse, since the laser field and electron dynamics depend sensitively on the CE phase, the modulation depends sensitively on the CE phase too. As shown in figure 5(b) and (c), at φ 0 = π/2, π, the modulation intervals of these spectra in the right direction become 43ω 0 and 50ω 0 , respectively. This modulation can be illustrated from figure 6, which shows the pulse shape of the radiation for (d) φ 0 = 0, (e) φ 0 = π/2 and (f) φ 0 = π . As shown in figure 6(d)-(f) , the radiation shows a double-peak shape, which leads to a modulation in the spectrum [8] . According to figure 6(d) , at φ 0 = 0, the time interval between the two peaks is 0.062 fs which corresponds to a modulation of 42ω 0 in the frequency domain. This value is close to the result in figure 5(a) . Due to the phasesensitive properties of the few-cycle laser pulse, for φ 0 = π/2, π, the time interval between the two peaks becomes 0.059 fs and 0.053 fs (see figure 6(e) and (f)) which corresponds to a modulation of 44ω 0 and 50ω 0 in the frequency domain, respectively. All these estimations are very close to the results shown in figure 5 .
Even though the few-cycle laser pulse with a duration less than 5 fs was available many years ago [14] , the CE phase changes from one pulse to the next. The random shot-to-shot phase shift will blur the phase-sensitive phenomena of nonlinear Thomson scattering in the few-cycle regime. To observe the above predicted phenomena, we can perform single-shot measurements [17, 21] . Alternatively, the advance of phase-stabilized intense few-cycle laser pulses [22, 23] provides another method. The chirped-pulse amplification system for the phase-stabilized laser pulse with a duration of 5 fs and energy of 0.5 mJ has been realized recently [19] , the corresponding peak intensity can exceed 10 18 W cm −2 in the diffraction limit. Rapid progress has made it possible to produce a terawatt few-cycle laser pulse with a stabilized CE phase [24] . Thus, the predicted phenomena are alternatively expected to be observed with an intense phase-stabilized few-cycle laser pulse. Finally, it has been shown that the phase-sensitive phenomena of laser-atom interactions can be utilized as a meter of the CE phase of the few-cycle pulse [17, 20] . Similarly, the phase-sensitive characteristics of nonlinear Thomson scattering can be utilized to determine the CE phase of the intense few-cycle pulse as well.
Conclusions
The electron dynamics and radiation characteristics of nonlinear Thomson scattering in a linearly polarized intense few-cycle laser pulse are investigated. The results show that the electron dynamics depends sensitively on the CE phase of the driving laser field. Moreover, the electric field of the few-cycle pulse depends sensitively on the CE phase, which results in many remarkable phase-sensitive characteristics of nonlinear Thomson scattering. In the few-cycle pulse, the angular distribution of the radiation shows fourfold symmetry like that in the multi-cycle pulse only for some specific CE phases, i.e., π/2, 3π/2, while at other CE phases, the left-right symmetry is broken and the angular distribution shows a twofold symmetry. The radiation spectra also exhibit left-right asymmetry for most CE phases, except for π/2, 3π/2. In addition, there is an evident modulation in radiation spectra, which depends on the CE phase of the driving field as well. These characteristics originate from the properties of the few-cycle pulse, and become less evident with increasing pulse duration of the driving field. Possibly, these phase-sensitive characteristics of nonlinear Thomson scattering can be used to determine the CE phases of an intense few-cycle laser pulse.
